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Section 1

Elliptic surfaces
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Elliptic surfaces

We usually express an elliptic curve with a Weierstrass equation

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6.

If we want to study families of elliptic curves, we may want to allow the
coefficients to vary as functions in a variable t, i.e. to have ai ∈ k(t).
Then, for almost every value of t, we can evaluate each ai at t to obtain
an elliptic curve

Et : y2 + a1(t)xy + a3(t)y = x3 + a2(t)x
2 + a4(t)x + a6(t).

(Note that we also need the discriminant to be nonzero.) We can also
view E as an elliptic curve defined over the field k(t).
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Elliptic surfaces

To encompass all of these, we can view the equation as defining an elliptic
surface E , whose points are triples (x , y , t) satisfying the equation given
earlier.

This surface E also comes with a fibration, which is a morphism E → P1
t

sending the point (x , y , t) to the point on P1 with coordinate t.
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Elliptic surfaces

The curve Et can be found inside the surface E as the fibre π−1(t)
above the point t.

The curve E is the generic fibre π−1(η) of the fibration.
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Elliptic surfaces and the generic fibre

The (scheme-theoretic) points of the generic fibre E are also points of the
elliptic surface E .

A rational point of E looks like (x , y) where x , y ∈ k(t). So this
describes a curve meeting each fibre of E once, i.e. a section of E .
Closed point of E ↔ Irreducible horizontal curve of E
Generic point of E ↔ Generic point of E
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An example

Consider the surface given by the equation

y2 = x3 + 3x2 − t2.

We see for example that the fibre above t = 1 is an elliptic curve, given by
equation y2 = x3 + 3x2 − 1. We call this a good fibre.
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An example - horizontal curves

The three 2-torsion points of the curve E are given by (fi , 0), where the fi
are the three roots of the cubic x3 + 3x2 − t2 = 0.

However, this cubic is irreducible over k(t). So each of the three 2-torsion
points are only defined over a degree 3 extension of k(t). So the
scheme-theoretic point corresponds to the union of all 3 points.
The corresponding horizontal curve of E will be the curve that passes
through the 2-torsion points of each fibre.
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An example - bad fibres

The fibre above t = 2 (coloured in purple) is not an elliptic curve, it is a
nodal cubic. We call this a bad fibre. Note that even though the node is a
singular point of the fibre E2, it is a nonsingular point of E .
The fibre above t = 0 (coloured in red) is also a nodal cubic. This time,
the node is a singular point of E .
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Resolution of singularities

For our purposes, we will want to study elliptic surfaces that are smooth
(i.e. nonsingular). However, most of the time, the surface E we obtain
from writing down an equation in Weierstrass form will not be smooth.

To remedy this, we will resolve the singularity by blowing it up. This will
give us a new surface that looks the same as E everywhere except for the
singularity, where it is replaced with something nicer.
To blow up a variety X ⊆ An at a point P, we replace P with a point for
each direction within X passing through P.
(See examples)

Harvey Yau Elliptic surfaces and B-M obstructions May 3, 2024 10 / 42



Resolution of singularities

For our purposes, we will want to study elliptic surfaces that are smooth
(i.e. nonsingular). However, most of the time, the surface E we obtain
from writing down an equation in Weierstrass form will not be smooth.
To remedy this, we will resolve the singularity by blowing it up. This will
give us a new surface that looks the same as E everywhere except for the
singularity, where it is replaced with something nicer.

To blow up a variety X ⊆ An at a point P, we replace P with a point for
each direction within X passing through P.
(See examples)

Harvey Yau Elliptic surfaces and B-M obstructions May 3, 2024 10 / 42



Resolution of singularities

For our purposes, we will want to study elliptic surfaces that are smooth
(i.e. nonsingular). However, most of the time, the surface E we obtain
from writing down an equation in Weierstrass form will not be smooth.
To remedy this, we will resolve the singularity by blowing it up. This will
give us a new surface that looks the same as E everywhere except for the
singularity, where it is replaced with something nicer.
To blow up a variety X ⊆ An at a point P, we replace P with a point for
each direction within X passing through P.
(See examples)

Harvey Yau Elliptic surfaces and B-M obstructions May 3, 2024 10 / 42



Blowing up - examples
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Back to our example

When we blow up our elliptic surface E , we obtain the following surface E ′:

The fibres above t for t ̸= 0 remain unchanged (we have Et
∼= E ′

t .)
The fibre above t = 0, on the other hand, now looks like the intersection
of two curves, each isomorphic to P1.
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Reduction type

There are many different types of singularity one can get when writing
down a Weierstrass equation for an elliptic surface, and each will give a
different fibre.

We’ve seen three types of fibre so far:

I0: An elliptic curve (a good fibre).

I1: A nodal cubic.

I2: Two copies of P1, intersecting transversely at 2 points.

Kodaira classified all possible fibres of minimal elliptic surfaces, and gave
each a Kodaira symbol.
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Tate’s algorithm

To figure out which reduction type you get once you resolve all
singularities on a fibre above t0 ∈ P1, you would need to perform the
sequence of blowups.

Tate came up with an algorithm to describe how to do the blowups. It
looks something like this:

Step 0: Make your equation for the surface integral at t0. In other
words, perform a change of coordinates so that each v(ai ) ≥ 0. (Here
v denotes the order of vanishing at t0.)

Step 1: If v(∆) = 0 then the fibre is smooth and we have type I0.
Otherwise go to the next step.

Step 2-10: Do a blowup. If (some condition on v(ai )) then we have
type (something). Otherwise go to the next step.

Step 11: If you’ve reached this point then your equation was not
minimal. Make a change of coordinates to decrease v(∆) and go
back to Step 1.
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Tate’s algorithm

Tate did the blowups so you don’t have to. As it turns out, if the residue
characteristic is not 2 or 3, you can deduce the reduction type solely from
the values of v(∆) and v(j).

Type I0 In II III IV I∗0 I∗n IV∗ III∗ II∗

v(j) ≥ 0 −n ≥ 0 ≥ 0 ≥ 0 ≥ 0 −n ≥ 0 ≥ 0 ≥ 0
v(∆) 0 n 2 3 4 6 n + 6 8 9 10

Note: even if your Weierstrass equation might not be minimal, you still
know v(∆) mod 12, so you have enough information to determine the
reduction type.
However, if you want explicit formulae for the smooth surface, you do have
to do all the blowups.
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Section 2

The Brauer group
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Central simple algebras

Given any field K we can define the Brauer group Br(K ).
Its elements are equivalence classes of central simple algebras over K .

Examples (Central simple algebras)

A = Mn(K ) the matrix algebra of n × n matrices over K .
We call these trivial.

K = R,A = H the quaternions.

We can construct other examples similar to the quaternions...

Harvey Yau Elliptic surfaces and B-M obstructions May 3, 2024 17 / 42



Central simple algebras

Given any field K we can define the Brauer group Br(K ).

Its elements are equivalence classes of central simple algebras over K .

Examples (Central simple algebras)

A = Mn(K ) the matrix algebra of n × n matrices over K .
We call these trivial.

K = R,A = H the quaternions.

We can construct other examples similar to the quaternions...

Harvey Yau Elliptic surfaces and B-M obstructions May 3, 2024 17 / 42



Central simple algebras

Given any field K we can define the Brauer group Br(K ).
Its elements are equivalence classes of central simple algebras over K .

Examples (Central simple algebras)

A = Mn(K ) the matrix algebra of n × n matrices over K .
We call these trivial.

K = R,A = H the quaternions.

We can construct other examples similar to the quaternions...

Harvey Yau Elliptic surfaces and B-M obstructions May 3, 2024 17 / 42



Central simple algebras

Given any field K we can define the Brauer group Br(K ).
Its elements are equivalence classes of central simple algebras over K .

Examples (Central simple algebras)

A = Mn(K ) the matrix algebra of n × n matrices over K .
We call these trivial.

K = R,A = H the quaternions.

We can construct other examples similar to the quaternions...

Harvey Yau Elliptic surfaces and B-M obstructions May 3, 2024 17 / 42



Central simple algebras

Given any field K we can define the Brauer group Br(K ).
Its elements are equivalence classes of central simple algebras over K .

Examples (Central simple algebras)

A = Mn(K ) the matrix algebra of n × n matrices over K .
We call these trivial.

K = R,A = H the quaternions.

We can construct other examples similar to the quaternions...

Harvey Yau Elliptic surfaces and B-M obstructions May 3, 2024 17 / 42



Quaternion algebras

Let a, b ∈ K×.
The quaternion algebra (a, b)K is the K -algebra spanned by 1, i , j , ij , with
multiplication defined by

i2 = a, j2 = b, ji = −ij .

Examples

(−1,−1)R is the ordinary quaternions H.

If a = 1, (a, b)K is just the matrix algebra M2(K ).
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Cyclic algebras

More generally, one can define a cyclic algebra:

Definiton (Cyclic algebra)

Let K be a field containing a (fixed) primitive nth root of unity ζn.
Let a, b ∈ K×. Then the cyclic algebra (a, b)n is the K -algebra generated
by i , j satisfying

in = a, jn = b, ij = ζnji .
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Examples of Brauer groups

The Brauer group of a field K consists of equivalence classes of central
simple algebras over K .

Examples

If K is algebraically closed, then Br(K ) = 0.
E.g. Br(C) = 0.

Br(R) ∼= 1
2Z/Z.

If K is a non-archimedean local field (e.g. Qp), then Br(K ) ∼= Q/Z.
The isomorphism Br(K ) → Q/Z is called the invariant map invK .
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The Brauer group of Q

For each place v of Q we get a local invariant map

BrQ → BrQv → Q/Z.

Theorem (Albert-Brauer-Hasse-Noether)

There is an exact sequence

0 Br(Q)
⊕
v

Br(Qv ) Q/Z 0.
∑

invv

Note that this tells us that the sum of local invariants of any [A] ∈ Br(Q)
is zero.
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The Brauer group of a variety

Let X be a nice smooth variety, and let K (X ) be its function field.
The Brauer group of X can be thought of as the elements of Br(K (X ))
that can be evaluated at all (scheme-theoretic) points of X .

Examples (Evaluating at a point)

Consider the curve P1
Q, it has function field Q(t). Let’s take the

quaternion algebra A = (t + 3, t − 1)Q(t).

We can evaluate A at the point t = 0, which gives the quaternion
algebra (3,−1)Q.
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The Brauer group of a variety
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quaternion algebra A = (t + 3, t − 1)Q(t).

We can evaluate A at the point t = 0, which gives the quaternion
algebra (3,−1)Q.

Directly trying to evaluate A at t = 1 doesn’t work since t − 1 = 0
there.
However, we can write A as A ∼= (t + 3,−1)Q(t), so we can in face
evaluate A at t = 1, and get (4,−1)Q.

For the point t = −3, neither of the above forms of A can be
evaluated. Is there some other form for A that we can evaluate?
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The residue map

Let Y be a codimension-1 (scheme-theoretic) point of X . One can then
define a residue map

∂Y : Br(K (X )) → H1(K (Y ),Q/Z).

The kernel of ∂Y is the set of all elements of Br(K (X )) that can be
evaluated at Y .

Examples

For the A = (t + 3, t − 1) in the previous example, if we evaluate the
residue of A at t = −3, we get

∂t=−3(A) = −1

which is not the identity. So A cannot be evaluated at t = −3.

Harvey Yau Elliptic surfaces and B-M obstructions May 3, 2024 24 / 42



The residue map

Let Y be a codimension-1 (scheme-theoretic) point of X .

One can then
define a residue map

∂Y : Br(K (X )) → H1(K (Y ),Q/Z).

The kernel of ∂Y is the set of all elements of Br(K (X )) that can be
evaluated at Y .

Examples

For the A = (t + 3, t − 1) in the previous example, if we evaluate the
residue of A at t = −3, we get

∂t=−3(A) = −1

which is not the identity. So A cannot be evaluated at t = −3.

Harvey Yau Elliptic surfaces and B-M obstructions May 3, 2024 24 / 42



The residue map

Let Y be a codimension-1 (scheme-theoretic) point of X . One can then
define a residue map

∂Y : Br(K (X )) → H1(K (Y ),Q/Z).

The kernel of ∂Y is the set of all elements of Br(K (X )) that can be
evaluated at Y .

Examples

For the A = (t + 3, t − 1) in the previous example, if we evaluate the
residue of A at t = −3, we get

∂t=−3(A) = −1

which is not the identity. So A cannot be evaluated at t = −3.

Harvey Yau Elliptic surfaces and B-M obstructions May 3, 2024 24 / 42



The residue map

Let Y be a codimension-1 (scheme-theoretic) point of X . One can then
define a residue map

∂Y : Br(K (X )) → H1(K (Y ),Q/Z).

The kernel of ∂Y is the set of all elements of Br(K (X )) that can be
evaluated at Y .

Examples

For the A = (t + 3, t − 1) in the previous example, if we evaluate the
residue of A at t = −3, we get

∂t=−3(A) = −1

which is not the identity. So A cannot be evaluated at t = −3.

Harvey Yau Elliptic surfaces and B-M obstructions May 3, 2024 24 / 42



The residue map

Let Y be a codimension-1 (scheme-theoretic) point of X . One can then
define a residue map

∂Y : Br(K (X )) → H1(K (Y ),Q/Z).

The kernel of ∂Y is the set of all elements of Br(K (X )) that can be
evaluated at Y .

Examples

For the A = (t + 3, t − 1) in the previous example, if we evaluate the
residue of A at t = −3, we get

∂t=−3(A) = −1

which is not the identity. So A cannot be evaluated at t = −3.

Harvey Yau Elliptic surfaces and B-M obstructions May 3, 2024 24 / 42



Brauer group of an elliptic curve

One can use the residue map to determine what the Brauer group of
varieties are.

Let E be an elliptic curve defined over K , say by equation
y2 = f (x). One can show that we have an isomorphism

Br(E ) ∼= Br(K )⊕ H1(K ,E ).

Elements of low order of H1(K ,E ) are manageable to work with. For
example, elements of order 2 can be thought of as elements of
K [x ]/(f (x)) modulo squares.
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Descent by isogeny

If E has a point T of order n defined over K a field containing a primitive
nth root of unity, we can quotient E by the subgroup generated by T to
get an n-isogeny ϕ : E → E ′.

There is a short exact sequence

0 → E [ϕ] → E → E ′ → 0.

This gives a long exact sequence

· · · → E ′(K ) → H1(K ,E [ϕ]) → H1(K ,E ) → . . . .

But H1(K ,E [ϕ]) is easy to describe - it can be thought of as K× modulo
nth powers.
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Brauer elements of an elliptic curve

We need to describe the map K×/(K×)n → Br(E ) explicitly. After
applying some Galois cohomology, one obtains an answer in terms of cyclic
algebras.

We define a function f ∈ K (E ) with divisor n(T )− n(OE ), scaled
appropriately. Then the above map sends a to

A = (a, f )n.

Harvey Yau Elliptic surfaces and B-M obstructions May 3, 2024 27 / 42



Brauer elements of an elliptic curve

We need to describe the map K×/(K×)n → Br(E ) explicitly. After
applying some Galois cohomology, one obtains an answer in terms of cyclic
algebras.
We define a function f ∈ K (E ) with divisor n(T )− n(OE ), scaled
appropriately. Then the above map sends a to

A = (a, f )n.

Harvey Yau Elliptic surfaces and B-M obstructions May 3, 2024 27 / 42



Section 3

Brauer-Manin obstruction
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Hasse principle and weak approximation

Let X be a projective variety defined over Q.

Points in X (Q) may be hard to find, but points in X (Qp) are easier to
find. They can be thought of as a series of points modulo pn for all n.
One can also consider X (R), whose points are easier to find.
Note that any rational point will yield a point in X (Qp) for all p. In other
words,

X (Q) ↪→
∏
v

X (Qv ) = X (AQ) (set of adelic points).

The Hasse principle is the statement

X (AQ) ̸= ∅ =⇒ X (Q) ̸= ∅.

Related is the stronger notion of weak approximation, which states that
X (Q) is dense in X (AQ). These are true for some classes of varieties (e.g.
conics), but not all varieties.
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Note that any rational point will yield a point in X (Qp) for all p. In other
words,

X (Q) ↪→
∏
v

X (Qv ) = X (AQ) (set of adelic points).

The Hasse principle is the statement

X (AQ) ̸= ∅ =⇒ X (Q) ̸= ∅.

Related is the stronger notion of weak approximation, which states that
X (Q) is dense in X (AQ). These are true for some classes of varieties (e.g.
conics), but not all varieties.
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Brauer-Manin obstruction

Let A be an element of Br(X ).
Given an adelic point P = (Pv ), for each v we can evaluate A at

Pv ∈ X (Qv ) to get an element of Br(Qv )
inv−−→ Q/Z.

If P is actually a rational point, then A(P) ∈ Br(Q), so we must have∑
v

invv A(Pv ) = 0.
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Brauer-Manin obstruction

If for all adelic points P ∈ X (AQ) we have∑
v

invv A(Pv ) ̸= 0

then there cannot be any rational points. So the Hasse principle fails.

If there is some open subset U ⊆ X (AQ) such that for all P ∈ U we
have ∑

v

invv A(Pv ) ̸= 0

then there cannot be any rational points in U. So weak
approximation fails.
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Example of a Brauer-Manin obstruction

Consider the elliptic curve E : y2 = x3 + 4x2 − 1.

It has lots of rational points on the right component, e.g. (1, 2), but none
on the left component. We can explain this using the Brauer-Manin
obstruction.
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Example of a Brauer-Manin obstruction

Let E be the elliptic curve given by equation y2 = x3 + 4x2 − 1.

We consider the field L = Q[θ]/(θ3 + 4θ2 − 1).

We pick the element θ in Q[θ]/(θ3 + 4θ2 − 1). This corresponds to
an element of H1(K ,E ), and hence Br(E ).

Explicitly, we get the quaternion algebra A = (−1, x)Q(E).

For all non-archimedean places v , we find that invv A(Pv ) = 0 for all
Pv ∈ E (Qv ).

For v the archimedean place, we find

invv A(Pv ) =

{
0 x > 0
1
2 x < 0

.

Therefore there are no rational points with x < 0.
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Brauer group of an elliptic surface

Now we would like to find Brauer elements for elliptic surfaces E . However
there are some problems we need to address:

Problem

The description of the Brauer group as things that can be evaluated at
any scheme-theoretic point only holds for smooth varieties.

If we write down an equation for an elliptic surface in Weierstrass form, it
will usually not give a smooth surface.
However, we can apply Tate’s algorthm to obtain an elliptic surface E that
is smooth.
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Brauer group of an elliptic surface

Problem

There are lots and lots of points on an elliptic surface E .

Firstly, there is a theorem that tells us that it suffices to check we can
evaluate on codimension-1 points (i.e. irreducible divisors). Equivalently, it
suffices to check that the residue map evaluates to zero for each
irreducible divisor.
There are still lots of irreducible divisors. However, they come in two
types:

Horizontal divisors: these correspond to closed points of the generic
fibre E , an elliptic curve defined over K = k(t).

Vertical divisors: these are irreducible components of fibres of the
fibration.

Therefore, all elements of Br(E ) ⊆ Br(k(E)) automatically have zero
residue on all horizontal divisors of E . And so we only need to check their
residues for vertical divisors.
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Local conditions

We’ll focus on Brauer elements of the form (a, f )n, coming from
n-isogenies.

Let’s split up the checking of residues fibre by fibre.
We pick a point t ∈ P1. Then the fibre π−1(t) will be one of the Kodaira
reduction types seen earlier.
Each irreducible component D ⊆ π−1(t) gives a residue map ∂D to check.
We can convert the condition

∂D((a, f )n) = 0

into a condition on a ∈ K× = k(t)×.
The combination of all these conditions will be the local condition on
a ∈ K× given by P.
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Local conditions

Examples

If the fibre above P has type I0, then the local condition is

ordP(a) ≡ 0 mod n.

If the fibre above P has type I1, then the local condition is trivial
(everything satisfies the condition).

We will call the subgroup of K×/(K×)n satisfying all the local conditions
the Selmer group. It consists of the elements that map to things inside
Br(E) under the map K×/(K×)n → Br(E ).
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Brauer-Manin obstruction to weak approximation

To find a Brauer-Manin obstruction to weak approximation for our surface
E , it suffices to find some A ∈ Br(E) and some adelic point P ∈ E(AK )
such that

∑
v invA(Pv ) ̸= 0.

Our method of constructing elements of Br(E) always give elements in
Br0(E ). So they will always evaluate to 0 on the identity OE ∈ E .
This tells us we can always find local points Pv ∈ E(Kv ) with
invA(Pv ) = 0. So it suffices to find a local point Pv such that
invA(Pv ) ̸= 0.
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Example of a Brauer-Manin obstruction

Let k = Q(ζ3), and let E be the elliptic surface given by equation

y2 + xy +
1

27
t4y = x3.

The section (x = 0, y = 0, t) gives a point of order 3 on the generic
fibre E . So we get a 3-isogeny ϕ.

The corresponding function f : E (K ) → K×/(K×)n is given by
y ∈ K (E ).

The bad fibres have reduction types

0 1 −1 ±i ∞
I12 I1 I1 I1 IV∗
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Example of a Brauer-Manin obstruction

The local conditions are:

ordt(a) ≡ 0 mod 3 for all t except for 0,±1,±i ,∞.

ordt(a) ≡ 0 mod 3 and a(t) is a perfect cube for t = 0,∞.

No condition for t = ±1,±i .

Setting a = t−1
t+1 satisfies all of these local conditions. So

A =

(
t − 1

t + 1
, y

)
3

is an element of Br(E). Evaluating this at the local point
(t = 1− ζ3, x = 1, y = . . .) ∈ Q3(ζ3) gives

1
3 , which is nonzero.

So A gives a Brauer-Manin obstruction to weak approximation on E .
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Example of a Brauer-Manin obstruction

We can also construct a Brauer element of order 5 with this method.

Let k = Q(ζ5), and let ϕ = 1 + ζ5 + ζ−1
5 .

Let E be the elliptic surface given by the equation

y2 + (1− ϕ5t2)xy − ϕ5t2y = x3 − ϕ5t2.

By a similar method to the previous example, we get that

A =

(
t − 1

t + 1
, xy + y − x2

)
5

is an element of Br(E). Evaluating this at the local point
(t = 2, x = −ζ5, y = . . .) ∈ Q3(ζ3) gives

4
5 , which is nonzero.

So A gives a Brauer-Manin obstruction to weak approximation on E .
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Thanks for listening!
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